Abstract. Egge and Mansour have recently studied permutations which avoid 1243 and 2143 regarding the occurrence of certain additional patterns. Some of the open questions related to their work can easily be answered by using permutation diagrams. As for 132-avoiding permutations the diagram approach gives insights into the structure of {1243, 2143}-avoiding permutations that yield simple proofs for some enumerative results concerning forbidden patterns in such permutations.
Introduction
Let S n be the set of all permutations of {1, . . . , n}. Given a permutation π = π 1 · · · π n ∈ S n and a permutation τ = τ 1 · · · τ k ∈ S k , we say that π contains the pattern τ if there is a sequence 1 ≤ i 1 < i 2 < . . . < i k ≤ n such that the elements π i 1 π i 2 · · · π i k are in the same relative order as τ 1 τ 2 · · · τ k . Otherwise, π avoids the pattern τ , or alternatively, π is τ -avoiding. The set of τ -avoiding permutations in S n is denoted by S n (τ ). For an arbitrary finite collection T of patterns we write S n (T ) to denote the permutations of {1, . . . , n} which avoid each pattern in T .
Egge and Mansour [2] studied permutations which avoid both 1243 and 2143. This work was motivated by the parallels to 132-avoiding permutations. In [6, Lem. 2 and Cor. 9] it was shown that the number of elements of S n (1243, 2143) is counted by the (n − 1)st Schröder number r n−1 . The (large) Schröder numbers may be defined by be somewhat inexact because there are ten inequivalent pairs (τ 1 , τ 2 ) ∈ S 2 4 for which |S n (τ 1 , τ 2 )| = r n−1 , see [6, Theo. 3] . However, it is sufficient for our purposes.)
Schröder permutations are known to have a lot of properties which are analogous to properties of 132-avoiding permutations. A look at their diagrams shows why this is so.
Given a permutation π ∈ S n , we obtain its diagram D(π) as follows: first let π be represented by an n × n-array with a dot in each of the squares (i, Schubert polynomials were extensively developed by Lascoux and Schützenberger. See [7] for a treatment of this work.)
By the construction, each of the connected components of D(π) is a Young diagram.
Their corners are defined to be the elements of the essential set E(π) of the permutation π. In [4] , Fulton introduced this set which together with a rank function was used as a tool for an algebraic treatment of Schubert polynomials. For any element (i, j) ∈ E(π), its rank is defined to be the number of dots northwest of (i, j), and is denoted by ρ(i, j).
Furthermore, by E r (π) we denote the set of all elements of E(π) whose rank equals r.
It is clear from the construction that the number of dots in the northwest is the same for all diagram squares which are connected. Consequently, we can extend the rank function to the set of all diagram squares. The concept should be clear from the figure. It is a fundamental property of the ranked essential set of a permutation π, that it uniquely determines π. This result was first proved by Fulton, see [4, Lem. 3 .10b]; alternatively, an algorithm for retrieving the permutation from its ranked essential set was provided in [3] . Answering a question of Fulton, Eriksson and Linusson gave in [3] a characterization of all ranked sets of squares that can arise as the ranked essential set of a permutation.
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To recover a permutation from its diagram is trivial: row by row, put a dot in the leftmost shaded square such that there is exactly one dot in each column.
In [8] , we used permutation diagrams to give combinatorial proofs for some enumerative results concerning forbidden subsequences in 132-avoiding permutations. Now we develop analogues of these bijections. In particular, we will discuss some open problems which have been raised in [2] .
The following section begins with a characterization of Schröder permutation diagrams.
Then we will give a surjection that takes any Schröder permutation to a 132-avoiding permutation having the same number of inversions. On the other hand, a simple way to generate all Schröder permutation diagrams from those corresponding to 132-avoiding permutations is described.
Section 3 deals with additional restrictions on Schröder permutations. As was done for 132-avoiding permutations we will characterize from the diagram the occurrence of increasing and decreasing subsequences of prescribed length, as well as of some modifications.
This yields simple combinatorial proofs for some results appearing in [2] .
In the same reference a bijection between Schröder permutations and lattice paths was given. Section 4 shows how the path can immediately be obtained from the diagram of the corresponding permutation.
The paper ends with some remarks about potential generalizations of its results. 
A description of Schröder permutation diagrams
there exists no square (i , j ) ∈ E(π) with i < i and j < j.
Proof. a) Let (i, j) ∈ E(π) be of rank r. Then exactly r indices k < i satisfy π k < j.
By construction, we have π i > j and i < π For the second assertion let (i, j) ∈ E 1 (π). Suppose that there exists a diagram corner (i , j ) with i < i and j < j. Obviously, (i , j ) must be of rank 0, and by the first part, it is different from (i − 1, j − 1). Thus (i , j ) is a corner of the Young diagram formed from the diagram squares that are connected with (1, 1) . Hence π i +1 ≤ j and π −1 j +1 ≤ i . (Note that i + 1 < i and j + 1 < j; otherwise (i, j) is not a diagram square.) Consequently, there are two dots northwest of (i, j), contradicting that (i, j) ∈ E 1 (π). property that characterizes vexillary permutations. Fulton's description is an important example of characterization classes of permutations by the shape of their essential set.
He gave a set of sufficient conditions that all except for one are also necessary. Later,
Eriksson and Linusson strengthened that condition to obtain a set of necessary and sufficient conditions. Note that vexillary permutations can alternatively be characterized as 2143-avoiding ones, see [7, (1.27 
b) The nth Catalan number C n counts the number of pairs of integer sequences
In particular, the number of such pairs of sequences of length s is counted by the Narayana number N(n, s + 1).
Proof. The special case of 132-avoiding permutations (ρ(i, j) = 0 for each element (i, j)
of the essential set) in 2.4 yields b). It is well-known that |S n (132)| = C n = 
2.6c]. 2
Some of the results of this paper are given in terms of essential sets. Therefore we will describe first how one can retrieve a Schröder permutation from its ranked essential set.
For Schröder permutations the retrieval algorithm due to Eriksson and Linusson simplifies considerably and can therefore be carried out without the technical notation used in [3] for treating the general case.
Let π ∈ S n be a Schröder permutation, and E := E(π) its essential set. Hence E is a subset of labeled squares in {1, 2, . . . , n} 2 satisfying Proposition 2.4. Let the elements of E be represented as white labeled squares in an n × n-array. (All squares that do not belong to E are shaded.) The following transformation explains the close connection between 132-avoiding permutations and Schröder permutations.
Proposition 2.6
Let π ∈ S n be a Schröder permutation. Let E * (π) be the set which we obtain from E(π) by replacing every element (i, j) ∈ E 1 (π) by (i − 1, j − 1) and defining it to be of rank 0. Then E * (π) is an essential set. In particular, E * (π) is the essential set of a 132-avoiding permutation. is called a descent of π ∈ S n . The number of descents of π is denoted by des(π).) Lemma 2.2b implies that des(π) ≤ des(φ(π)) for each π ∈ S n (1243, 2143).
The left-to-right minima of a permutation π ∈ S n are represented by such dots (i, j) for Obviously, these are all the Schröder permutations which can be constructed in this way, that is, whose image with respect to φ equals σ. Note that inv(σ) = 15 = inv(π i ).
Proposition 2.8 Let σ ∈ S n (132), and let s be the number of elements (i, j) ∈ E(σ)
satisfying i+j < n. Then there exist 2 s Schröder permutations π ∈ S n for which φ(π) = σ.
Proof. This follows from the preceding discussion. 
. Now we are interested in the distribution of corners outside that diagonal. The distribution of the number of these valleys was given in [1, Sect. 6.11]. 2
Proposition 2.9 Let c(n − 1, k) be the number of Young diagrams fitting in the shape
The previous two propositions immediately yield an explicit description for the Schröder numbers.
Corollary 2.10
For n ≥ 0 we have r n = 2
Remark 2.11
Another one is r n = n k=0 
Forbidden subsequences in Schröder permutations
In this section we will demonstrate that diagrams can be used to obtain simple proofs for enumerative results concerning certain restrictions of Schröder permutations. Most of the numbers |S n (1243, 2143, τ)| appearing below are known from their analytical derivation in [2] .
For the following investigation, only one case is really of interest: the essential set of π ∈ S n (1243, 2143) contains both elements of rank 0 and 1. If E 1 (π) = ∅ then π avoids 132, and that case has been treated in [8] . If there is no diagram corner of rank 0 then we have π 1 = 1, and π 2 · · · π n can be identified with a permutation in S n−1 (132). In Proof. We may assume that the essential set E(π) contains at least one element, say (i, j), of rank 1; otherwise the assertion is trivial. The proof of 2.6 implies that the set E (π) := E(π)∪{(i−1, j −1)}\{(i, j)} is the essential set of a Schröder permutation again.
The rank of (i − 1, j − 1) is defined as 0. (Successive application of this transformation yields the set E * (π) stated in Proposition 2.6.) Now we consider which consequences for the corresponding permutation result from this transformation.
Let σ ∈ S n (1243, 2143) such that E(σ) = E (π). Then σ differs from π at exactly three positions. Let π i 1 be the element represented by the only dot to the northwest of (i, j). 
to an increasing subsequence of the same length in
Using the arguments successively (until the permutation φ(π) is obtained) proves the assertion of the theorem. In this case, all elements π k with k > i and π k > j satisfy π k > j + 1. Clearly, π i+1 ≤ j.
Theorem 3.3 Let π ∈ S n (1243, 2143) be a Schröder permutation. Then π avoids 213 · · · k if and only if every element (i, j) ∈ E(π) satisfies
i + j ≥ n + 3 − k + ρ(i, j).
Proof. Let (i, j) ∈ E(π)
In both cases the elements represented by dots in the lower right-hand region appear in increasing order since π is 2143-avoiding. If i + j < n + 3 − k + ρ(i, j) then their number
To prove the converse, suppose that every element of the essential set satisfies the above 
, 1). (Note that this is a Young diagram since D(φ(π))
is such a one.) Then we form the essential set of ω −1 (σ) from the pairs (i, j) ∈ E for which (i + 1, j + 1) / ∈ E 1 (σ), and all elements of E 1 (σ). The first are defined to be of rank 0, while the latter have rank 1.
Obviously, the resulting set is an essential set of a 12 · · · k-avoiding Schröder permutation. 1 − k, n − k, . . . , 1) , and fits in (n − 1, n − 2, . . . , 1) . Now replace at least all elements (i, j) by (i + 1, j + 1) for which i + j = n + 2 − k.
Some further corners can be replaced if these satisfy i + j < n. The rank of all new corners is set as 1; let the others be of rank 0.
We will discuss the enumerative consequence only for k = 3. To state it, we first set some notation. For a permutation π ∈ S n we denote by r(π) and for all n ≥ 1.
Proof. Let π be a Schröder permutation avoiding 321. We distinguish the three cases mentioned at the beginning of the section.
If π ∈ S n (132) is not the identity permutation then its diagram is a rectangle whose lower right-hand corner (i, j) satisfies i + j ≤ n. There are 
Summarizing, we obtain |S n (1243, 2143, 321)| = 1 + n 2
. (Note that the term 1 stands for the identity; the factor 2 accounts for rows and columns in the third case.) 2
The last pattern we will discuss is a special case of an important class as well. In As an immediate consequence we can characterize 231-avoiding Schröder permutations from their descent set. We pointed out in [8] that the path Ψ K (π) and the diagram of a 132-avoiding permutation π are closely related to each other. Considering the diagram of π ∈ S n (132) as being contained in an n × n-rectangle, Ψ K (π) is the lattice path which goes from the upper right-hand corner to the lower left-hand corner of the rectangle, and travels along the diagram boundary.
For π = 6 4 5 3 2 7 1 ∈ S 7 (132), for example, Ψ K (π) is the lattice path displayed in bold: We can construct the path Ψ EM just as simply from the permutation diagram. It is not difficult to see that the path obtained in this way is just Ψ EM (π) for π ∈ S n (1243, 2143) but the construction via diagram requires less effort.
In [2] , the path statistic τ k corresponding to the number of subsequences of type 12 · · · k in π ∈ S n (1243, 2143) is defined for k ≥ 2 by As already noted, then π 1 = 1 and π := (π 2 − 1)(π 3 − 1) · · · (π n − 1) belongs to S n−1 (132). In particular, we have Ψ EM (π) = Ψ K (π ) in this case.
Perspectives
As already observed by Egge and Mansour in [2] , the investigation of 132-avoiding permutations and {1243, 2143}-avoiding ones, respectively, can be continued in a canonical In order to study increasing subsequences in permutations which belong to S n (T m ) it would be nice to have a surjection S n (T m ) → S n (T m−1 ) similar the map φ stated in Section 2. Then the problem could successively be reduced to the case m = 3.
The map φ defined in Section 2 can be extended to all vexillary permutations. This is because no diagram corner has another one to its northwest. For π ∈ S n (2143), the set E * (π) obtained from E(π) by replacing the element (i, j) with (i − ρ(i, j), j − ρ(i, j)) and defining it to be of rank 0 is the essential set of a 132-avoiding permutation. The extended surjection φ : S n (2143) → S n (132) preserves both the inversion number and the length of the longest increasing subsequence.
